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For some families of graphs of simplicial 3-polytopes with two types of edges structural 
properties are described, for other ones their cardinality is determined. 
1. ln~oduction 
Griinbaum and Motzkin [3], Griinbaum and Zaks [4], and Malkevitch [6] 
investigated the structural properties of trivalent planar graphs with at most two 
types of faces. It seems that the knowledge of the structure of such graphs is 
useful for other reasons as well (cf., e.g. Griinbaum [1, 2], Jucovi~ [5], Owens [7], 
Zaks [8]). The dual problem may be formulated as follows: Characterize simplicial 
planar graphs with at most two types of vertices. (A planar graph is simplicial if all 
its faces are triangles.) 
An edge of a planar graph is of type (i, j; p, q) if its vertices have valencies i and 
j, and the faces containing it have p and q sides. The present paper deals with 
graphs of simplicial 3-poltytopes with at most two types of edges. For some 
families of graphs of this kind structural properties are described, for other ones 
their cardinality is determined. The terms introduced by Griinbaum [1] are used 
throughout. It is easy to show that the family of simplicial 3-polytopes with exactly 
one type of edges consists of the well-known Platonic solids--the tetrahedron, the 
octahedron and the icosahedron (cf. Fig. 1). 
Evidently a simplicial 3-polytopal graph with exactly two types of edges can 
exist only if its edges are of the type (m, m;3,  3) or (m, n;3,  3), m ¢: n, m 1>3, 
n ~ 3. Denote the family of all such 3-polytopal graphs by 5¢(m, n). 
Griinbaum and Motzkin [3] gave an exact description of all graphs from .9°(6, 3) 
Griinbaum and Zaks [4] gave a full characterization (in the dual form) of all 
simplicial planar graphs with edges of the types (6, 6; 3, 3) and (6, 2; 3, 3). We 
have obtained analogus results for 5¢(5, n) with 3<~ n ~< 12, n~ 5. 
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Fig. 1 
2. Results 
Let c(n, v) be the number of v-vertex elements of 9°(5, n). The main results are 
summed in the following two theorems. 
Theorem 1. For any n, 3~n~<11, n-¢5, the family 9O(5, n) is finite and 
(viii) 
(i) c(3,8)=1,  c(3, v )=0 forv#8,  
(ii) c (4 ,9)=c(4 ,10)=1,  c(4, v )=0 forv~9,10, 
(iii) c (6 ,14)=c(6 ,15)=c(6 ,16)=1,  c(6, v )=0 forv~14,15,16, 
(iv) c(7,16)=1, c(7, v )=0 forv~16, 
(v) c (8 ,18)=c(8 ,30)=1,  c(8, v )=0 forv¢18,30, 
(vi) c(9,20)=c(9,28)=c(9,36)=1, c(9, v )=0 for v ~ 20, 28, 36, 
(vii) c(10, 22) = c(10, 42) = 2, c(10, 72) = 1, 
c(10, v) = 0 for v~ 22, 42, 72, 
¢(11, 24) = c(11, 36) = c(11, 48) = c(11, 84) = 1, 
c(11, v) =0 for v~ 24, 36, 48, 84. 
Fig. 2 shows all three elements of 9°(5, 6). 
Theorem 2. The family 9°(5, 12) is infinite and 
c(12, 96) = 3, c(12, 110)=2, 
c(12, 28k-2)  = 1 for any natural number k, k ~ 4, 
c(12, v) = 0 for v~ 96, 28k -2  for any natural number k. 
(a) (b) (c) 
Fig. 2 
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Almost trivially, we have 
Theorem 3. For any n >>-3, n~=4 the family 9°(4, n) consists of exactly one 
graph--an n-sided bipyramid (cf. Fig. 3). 
The last known definitive result is 
Theorem 4. Let m, n be integers uch that m ~= n, m ~ 3, n ~ 3. If  
(m, n) ¢~ {(6, 3), (6, 4), (6, 5), (7, 3), (7, 4), (8, 3), (9, 3), (10, 3)} 
U U {4, k}U I.J {5, k}, 
k~3 k-~3 
k~¢.4 k.-,~5 
then 99(m, n) is empty. 
What is known about the remaining families 99(m, n) can be stated as 
Theorem 5. I f  
(m, n) E {(6, 3), (6, 5), (7, 3), (7, 4), (8, 3), (9, 3), (10, 3)} 
u U {(5, k)}, 
k-~12 
k ~ l (mod 5) 
then 99(m, n) is infinite. 
I f  (m, n)E[_J~3{(5, 5k+1)}, then 99(m, n) is nonempty. 
Fig. 3 
3. On the s~ructure of graphs from 99(5, n) 
We shall now investigate the properties of the family of all simplicial 3- 
polytopal graphs such that every one of their edges is incident with at least one 
5-valent vertex. Denote this family by 99. Evidently for every n, 9°(5, n) c 99. Let 
M~99 and let ~i(M) denote the set of those 5-valent vertices of M which are 
adjacent o exactly i of its non-5-valent vertices. ~3(M), ~4(M) and ~5(M) are 
evidently empty for any M ~ 99. Now let 990 denote the family of graphs Me,5 ° 
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such that ~o(M) and ~2(M) are empty; further 5e~ denotes the family of M such 
that ~0(M) is empty and 9~2(M) nonempty. Finally, 5¢2 denotes the family of M 
such that 9~o(M) is nonempty. 
It is easy to prove the following 
L~ma 1. For every n >I 3, n ~ 5, 5eo(5, n) contains exactly one element (cf. Fig. 4). 
Lemma 2. If ~o(M) and ~I(M) are empty for an M e SP, then all its non-5-valent 
vertices are even-valent. If A~ is a 2k-valent vertex of M, k >12, then AI is a 
member of k configurations as shown in Fig. 5 (we call such configurations 
a-configurations). 
Note that the vertices A~, A2, A3 of the a-configurations of M are non-5- 
valent and the vertices Cx, C2, (?3, DI, D2, D3 belong to ~2(M). 
I.~mma 3. Let M ~ 5el. If ~I(M) is nonempty, then no non-5-valent vertex of M is 
a neighbor to the pair of adjacent vertices from ~I(M). 
Proo|. Let an r-valent vertex of M, r~ 5, is a neighbor to the pair of adjacent 
vertices El, E2 from ~I(M). Then M contains a configuration as on Fig. 6 whose 
vertices F~, F2, F3, E3 and E, are 5-valent. A vertex D is non-5-valent and 
therefore the vertices F~, F3 and E 3 belong to ~I(M). This follows that the 
vertices E3 and F_~ are from ~(M)  too. Extending the investigated structure 
shows that Me 5eo which is a contradiction. 
Corollary 1. If M~SP1 and ~I(M) is nonempty, then M contains a configuration 
such as on Fig. 7 (a so called O-configuration), whose vertices A~, A2, A3 are non- 
5-valent, the vertices B~,B2 and B 3 belong to ~I(M) and the vertices 
C1, C2, C3, D1, D2, D3 are from ~2(M). 
Corollm-y 2. If M~Sel(5, n), n~5,  n~>3, then every n-valent vertex of M is 
adjacent with at most [~n] vertices from ~I(M). 
Let ~(n) be the family of all trivalent planar maps whose graph is 2-connected 
and which have the following properties: If N c ~t(n ), then a subset (possibly empty) 
of its vertices is marked in such a way that for every face co of N 
2s(~o) + o(oJ) = n 
where s(oJ) is the size of to and o(oJ) denotes the number of marked vertices on the 
boundary cycle of to. 
Lemma 4. For every n, n >~ 3, n ~ 5, the family 9°1(5, n) is isomorphic to the family 
~(n). 
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ProoL Let M~ ~P~(5, n); find a/3-configuration i  M, delete its vertices Bz, B2, B3 
belonging to ~I(M), add the edges C~C2, C2C3, C3C1 and mark the triangle 
C~C2C3. An a-configuration is obtained whose vertices A1, A2, A3 have valencies 
one less than in the/3-configuration. (Notice that an inverse operation can also be 
performed.) The operation described is repeated for every/3-configuration of M. 
The result is a graph M* from the family ~ with empty ~0(M*) and ~I(M*). By 
Lemma 2, all non-5-valent vertices of M* are even-valent. Deleting them yields a 
trivalent map N* with even-gonal faces and triangular faces of the two types-- 
marked (obtained in replacing the /3-configurations by the c~-configurations) and 
unmarked (from the triangles C~C2C3 contained in the original a-configurations). 
Every trivalent vertex of N* is incident with exactly one triangle. Replace every 
triangle of N* by a trivalent vertex as shown in Fig. 8 and mark the vertices 
corresponding to the marked triangles. The resulting map N evidently belongs to 
~(n). The whole construction can be also performed in the opposite direction, 
thus permitting us to pass from N to M. 
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Fig. 8 
Let us now investigate the families 9~(n). Their definition yields the following 
useful lemma. 
Lemma S. I f  a map N~R(n)  contains a k-gon, then ½n~k<~½n. 
I~mma 6. For every n, n >1 16, 5e1(5, n) is empty. 
Proof. By a corollary of Euler's theorem every planar map contains a k-gon with 
k~<5. By Lemma 5 ~(n) is empty for n~>16 and by Lemma 4 so is 5e1(5, n). 
I~mma 7. ~(3) and ~(7) are empty. ~(i) for i= 4, 6, 8, 9, 10, 11 contains the 
maps shown in Fig. 9i and only those. 
Proo|.  By Lemma 5 every map from ~(7) can have only triangular faces. "The 
only such trivalent map is a tetrahedron, but it is not possible to mark its vertices 
in such a way that each face is incident with exactly one marked vertex. The case 
of ~(3) is trivial. By Lemma 5, a map N from ~(10) can contain only quadrangles 
and pentagons. Every quadrangle must be incident with exactly two marked 
vertices, while no marked vertices may be incident with a pentagon. There are 
only two such maps containing only quadrangles; this is easily verified, as is the 
fact that there exists no map in ~(10) containing both quadrangles and pentagons. 
There is exactly one map---a dodecahedron with no marked vertices--in ~(10)  with 
only pentagonal faces. The remaining cases are handled analogously. 
I~mma 8. For n = 12, 13, 14 and 15 the family ~(n) is infinite. 
Proof. The proof is based on the construction of an infinite sequence of suitable 
maps N,(i), i=12,  13, 14 and 15, t=0,  1,2 . . . . .  Let Let us construct Nt(12): 
Consider a group of faces Z12 (Fig. 10(a)) consisting of a quadrangle with all 
vertices marked and four pentagons with exactly those vertices incident with the 
quadrangle marked. Surround this configuration by t rings X12 consisting each of 
four hexagons as shown in Fig. 10(b). Taking another configuration Z12 and 
merging the boundaries of both groups of faces in such a way that 2-valent 
vertices on one boundary are merged with 3-valent vertices on the other one 
produces Nt with the required properties. This map contains 10+4t  faces 
(t = 0, 1 . . . .  ). 
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Fig. 13 
Fig. 11 shows a configuration Z13 and the rings X13 suitable for produc ing 
N,(i) for i = 13. So does Fig. 12 for i = 14 and Fig. 13 for i = 15. 
The  structure of maps from ~R(n) is so far unknown for n = 13, 14 or 15. For  
~(12)  we have 
Lemmn 9. The family ~(12)  contains the maps N~(12) for t = 0, 1, 2 . . . .  and the 
maps shown in Fig. 14 and only those. 
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lh'oof. By Lemma 5 a map N from ~(12) can contain quadrangles, pentagons and 
hexagons. All vertices of every quadrangle and exactly two vertices of each 
pentagon must be marked. This means that if the map contains two adjacent 
quadrangles, then all of its faces are quadrangles. The only such map is the cube 
(Fig. 14(a)). If the map contains a quadrangle with no adjacent quadrangle, then it 
must be surrounded by pentagons each of which is further necessarily adjacent o 
pentagons or a pair of adjacent hexagons. This leads to the map N,(12) described 
in the proof of the previous lemma. 
If the map contains no quadrangle it necessarily contains twelve pentagons. 
Furthermore ach of these pentagons can be adjacent to at most one hexagon, for 
evidently it cannot have more than two hexagonal neighbours and if it does have 
two, then necessarily the map contains a group of faces such as in Fig. 15(a). This 
forces us to include a confiugration such as shown in Fig. 15(b), since the marked 
vertices can be incident only with pentagons. Therefore one of the vertices A, B 
of this configurations must be marked and the outer face must be pentagon. It is 
easy to derive a contradiction from this. 
Let there exist a pentagon adjacent to a hexagon. Then this hexagon is 
necessarily surrounded by pentagons. Analogously as above we come to the map 
shown in Fig. 14(b). 
It remains to prove that there exist exactly three nonisomorphic maps with 
marked vertices whose faces are pentagons (they are dodecahedra). The proof is 
accomplished by analyzing all possibilities. First it is shown, that there exists 
exactly one (up to isomorphism) map such that no two of its marked vertices are 
(c) (d) (e) 
Fig. 14 
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adjacent. Further, it is shown that there exist two maps with a pair of adjacent 
marked vertices. We omit the technicalities. 
We shall now turn our attention to graphs from 5e2, the family of those graphs 
M from 5e for which ~0(M) is nonempty. We have 
Lemma 10. Let M ~ SD2. If M is not an icosahedron, then it contains a configuration 
such as on Fig. 16 (a so called 3"-con]iguration) whose vertices Ao, As belong to 
~o(M) and the vertices C1 and C2 are non-5-valent. 
Proof. Since A0 ~ ~0(M), at least one of the vertices adjacent o the vertices A1, 
A2, A3, A4, As must be non-5-valent since otherwise extending the structure 
determined by these vertices would lead to an icosahedron. It is easy to show that 
there must exist exactly two such vertices and from there we get to the 3'- 
configuration of Fig. 16. 
Remark 1. Note that the 3"-configuraton can be replaced by the 6-configuration 
of Fig. 17. However, the opposite operation can also be performed: If M~5¢ 
contains a ~-configuration it is possible, by replacing the ~-configuration by the 
3"-configuration, to increase by five the valencies of both vertices C1 and C2 of the 
8-configuration. Let us call this operation an e-operation. 
C 1 
C2 
(21 
. . . - -  q 
c2 
Fig. 16 Fig. 17 
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l . ,emm 11. For n = 3, 4, 6, 7, 8, 9 and 12 the family ~e2(5, n) is empty. The 
family 5e2(5, 10) contains only the graph shown in Fig. 18(a), the family 5e2(5, 11) 
that of Fig. 18(b). 
Proof. Let M E,.,ca2(5, 10). Replace every V-configuration in M by a 8- 
configuration. All 10-valent vertices of M which belonged to these configurations 
are now 5-valent and belong to a set ~o(M') where M' is either an icosahedron 
(eft. Fig. 1) or belongs to ,5e0(5, 10) or 5e1(5, 10). For every M belonging to 
~e0(5, 10) or 5e1(5, 10) the set ~0(M) is empty, therefore M' is just icosahedron; 
e-operation can be performed only once for such a graph. The result is the graph 
shown in Fig. 18(a). 
Let MeSe2(5, n), n~<12, n~5,10.  Replace a V-configuration of M by the 
8-configuration and mark the edge DID2 of this configuration. After treating 
every ~/-configuration in this way we obtain a graph M* from $1. Analogously as 
in the proof of Lemma 4 replace every /3-configuration of M* by the or- 
configuration marking the triangles C~C2C2 obtained in the process. In the 
resulting graph M' all edges originally marked remain marked. They remain 
marked--together with the marked triangles---even if all non-5-valent vertices are 
deleted from M' (compare the proof of Lemma 4). The trivalent map N' obtained 
in this way will contain, in addition to evengonal faces, triangular faces of two 
types and edges of two types. Replacing every triangle of N' by a trivalent vertex 
according to Fig. 8, marking this vertex or not depending on the type of triangle it 
has replaced and retaining the marking of edges we obtain a trivalent map N 
whose graph is 2-connected. For every face to of N we have 
2s(to) + v(to) + 5h(to) = n 
where s(to) is the size of to and v(to) (resp. h(to)) is the number of the marked 
vertices (resp. marked edges) incident with to. Consider a face to of N incident 
with a marked edge (evidently no face can be incident with more than one marked 
edge). We have 
2s(to) + v(to)= n -5  ~<7. 
(a) (b} 
Fig. 18 
240 S. Jendro~ M. Tkd~ 
This shows immediately that no such map exists for n ---3, 4, 6, 7, 8 and therefore 
5e2(5, n) is empty for these values of n. For n =9 to can only be digon, for n = 11 
either a digon or a triangle, for n = 12 only a triangle. Analysis of these cases 
shows (analogously as in the proofs of Lemma 7 and Lemma 9) that only for 
n = 11 there exists a map N with the required properties which is shown in Fig. 
19. Applying the inverse of the procedure described above to N we obtain the 
graph shown in Fig. 18(b). 
Lemma 12. For every n >i 16, n~ 1 (mod 5) the family $2(5, n) is infinite. 
Proof. The lemma can be derived from the following easily verifiable facts: 
(i) The 3,-configuration contains as its subconfiguration the 5-configuration 
which permits adding 5 to the valencies of both non-5-valent vertices of the 
V-configuration (see Remark 1). 
(ii) If two faces of a map N from ~(n) (for arbitrary n) have a common edge, 
then in the corresponding graph M from 5e1(5, n) the corresponding vertices are 
in the position of the vertices C1 and C2 of a ~-configuration. 
(iii) All faces of the map N,(i) (i = 12, 13, 14, 15, t = 0, 1, 2 . . . .  ) may be divided 
into pairwise disjoint pairs of adjacent faces---c!, the proof of Lemma 8. 
Using the argument (i) on the graph shown in Fig. 18(b) we get 
I~mma 13. For n~>ll ,  n- -1  (mod 5) the family ~°2(5 , n) is nonempty. 
Fig. 19 
4. Proots of the theorems 
1~oo! of "Ilaeorems 1 and 2. The family 5e(5, n) is a union of pairwise disjoint 
families 5eo(5, n), 5e1(5, n) and 5e2(5, n). The family 5eo(5, n) is characterized by 
Lemma 1. All graphs of 5e2(5, n) for 3~<n~<12, n~:5, are determined by Lemma 
11. The proof of Lemma 4 enables us to construct all graphs of the family 
5e1(5, n) from the maps of ~(n). Figures 2(b) and 2(c) show both graphs of 
6e1(5, 6) obtained in this way. All maps belonging to ~(n) for 3 ~< n ~< 11, n~ 5, 
are described in Lemma 7 and all graphs of ~(12) are given by Lemma 11. Now it 
is very easy to obtain the formula c(n, v) for the number of v-vertex elements of 
5e(5, n). 
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Proot of Theorem 4. From a result due to Kotzig (see Griinbaum [2] or Jucovi~ 
[5]) we have 
min{2m, m + n}~ < 13. 
Using this inequality together with 
min{m, n )~5 
(derived from Euler's theorem) and 
[½m ]v,. ~ nv. 
(a property of ~(m, n); vi = vi(M) denotes the number of i-valent vertices of M 
from 5e(m, n)) the statement of Theorem 4 follows easily. 
Proof of Theorem 5. For 
(m, . )~  U ((5, k)} 
k~12 
k~, 1(rood 5) 
the theorem is a consequence of Lemmas 8 and 12. For (m, n)~{(6, 3), (6, 4), 
(6, 5)} cf. e.g. Griinbaum and Motzkin [3], Griinbaum [2] or Jucovi~. [5]. From 
Lemma 1 we have that for (m, n)~l..Jk~a{(5,5k+l)} the family SO(m, n) is 
nonempty. 
The other cases are left to the reader. 
Remark 2. For any k/>3 the family 5e(5, 5k + 1) is nonempty. We were unable to 
find out whether it is finite or infinite. The available vidence seems to show that 
.q'(5, 16) is finite. 
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